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Mansoura University Final exam 1_st term Subject. Prob.theory (1)

Faculty of Science Time : 2 hours Code : 331 math

Math. Dept 2010-2011 Date : 26/1/2011
Programs: Math.& Stat. and Computer Sci. Total degree:80 mark

Answer the following questions
Q1:( 30 mark)

Suppose the joint pdf of lifetime of a certain part and a spare is given by
fxy)= {

Find each of the following
a) The joint CDF, F(x,y)
b) P(X >2)
¢) P(X<Y)
d) P(X+Y >2)
e) Are X and Y independent ?
f) P(X<10/Y =5)

02: (25 mark)
a) If X and Y are jointly distributed random variables, then show that
Var(Y)= E(Var(Y / x)) + Var(E(Y / x))

b) If (X,Y)~MULT(n,p,,p,), then find

(1) Probability density function of X .

(i) E(Y / x)

(iii) The correlation coefficient p between X and Y.

03: ( 25 mark)
a) Let X, X,,..., X, be independent normally distributed random

—-(x+y)

e x>0,y>0

0 otherwise

A=
(o)

variables X, ~ N(u,0?) . Define ¥, =/n

where leZX, ;
iz

Show that ¥, converges in distribution to standard normal random

variable.
b) Let the joint pdf of X, and X, be
Flx 2, )= 5% x, >0,x, >0 .

Obtain the pdf of X, + X, .

Good Luck
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Answer the following questions:
.1- a. Define: € -ngh.of z(, analytic function at z(, simple closed contour.

(4 Marks)

b. Prove that cos56 = cos> 6 —10cos> 01— cos? 0) + 5cosB(1 - cos? 9)2 .

(8 Marks)

c. Prove that |z] +z7 [<z1 | +]22 | . (8 Marks)
2- a. State and prove the necessary C.R.E's for a function w = f(z) to be
differentiable at z = z; . (8 Marks)

b. Prove that f(z) = ekz (k constant) is an entire function. (8 Marks)

c. Prove that f(z) = z [2 is not analytic function. - (4 Marks)

3- a. Show that u(x,y) = x2 —3xy2 is harmonic function and find a harmonic

conjugate v(x,y) so that f(z) =u+iv is analytic. (6 Marks)
b. Define simply connected domain. Prove that if w = f(z) is analytic on

and in C,. Let zp be a point in the interior of C. Then prove that

f(zg) = —l— J —f(L)dz . (7 Marks)
2mi Z—2Z(
Cy
c. Evaluate J. dz , Cx rz=l +3¢% g e [0,27] . (7 Marks)
(z-2)%2°
Cy
eith
4- a. Evaluate I ————dz,C, | z]=1. (6 Marks)
222 -5z+2 .
Cy
b.-Find Macalrin expansion for f(z) = fn(?—‘z). (7 Marks)
. . 1 .
c. Find Laurent expansion for f(z) = ETSE) in powers of z— 1.
(7 Marks)
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Answer the following questions:
.1- a. Define: € -ngh.of z(, analytic function at z(), simple closed contour.

(4 Marks)

b. Prove that cos56 = cos” 6 —10cos> 81 — cos? 0) + 5cosB(1 - cos? 6)2 )

(8 Marks)

c. Prove that |z +z9 [ z1 | +]27 | . (8 Marks)
2- a. State and prove the necessary C.R.E's for a function w = f(z) to be
differentiable at z = z; . (8 Marks)

b. Prove that f(z) = ekz (k constant) is an entire function. (8 Marks)

c. Prove that f(z) 5 z |2 is not analytic function. - (4 Marks)

3- a. Show that u(x,y) = x2 —3xy2 is harmonic function and find a harmonic

conjugate v(x,y) so that f(z) =u+iv is analytic. (6 Marks)
~ b. Define simply connected domain. Prove that if w = {(z) is analytic on
and in C,. Let zp be a point in the interior of C. Then prove that

Hrnh= ﬁ I Zf_(—ZZ)Odz . (7 Marks)
Cy
c. Evaluate I —d—22? ,Cypiz=1+ 3¢9 9 e [0,27] . (7 Marks)
c, (z-2)"z
ei7tz
4- a. Evaluate I dz,Cy :z|=1. (6 Marks)
c, 2z° -5z+2 .
b.-Find Macalrin expansion for f(z) = En(ij—z). (7 Marks)
c. Find Laurent expansion for f(z) = Z—Jrﬁ in powers of z — 1.
zZ Z
(7 Marks)
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Answer the following questions: (80 Marks)

(1)
a) Let (X, T) be a topological space and 4, B € X. Prove that: o
(i) If A is a closed set, then 4 is closed, (il)AUB =AUB,

b) Prove that the mapping f: (X,7) = (¥,8) is continuous iff
f(BYSsf~*(B), VB €Y.

(2)

a) Show that the co-finite topological space is compact, but not
Hausdorff.

b) Prove that the regularity is a hereditary property.

3)
a) Let (X, T) be a topological space and A € X. Show that 4 is a dense iff
A C A

b) Prove that the compactness is a topological property.

(4)

a) Prove that the topological space (X, T) is regular iff V
veX,VGer suchthat x € G, 3Ver suchthatx eV EV EG.

b) Show that the family {[a, ®), (—» ,b):a, DeR} is a subbase for a topology
on the set R of the real numbers. If 4 =[2,4) and B = [7,x), find
b(A), b(B) and also, ext(B).

With Best Wishes
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Answer 3 questions Every Question 26 Marks

[1]- Consider the sequence of functions {d, } over the interval E =[0,1]
1 if xeir}
dll = .
0 otherwise
where {r, } is the set of the first n elements of some decided upon

enumeration of the rational numbers.
(1) Find the limit of d, (x)

1 1
(ii) Find the integration of Idn (x)dx and then Lim Idn (x)dx
0 0

(1i1) Deduce that the space of Rieman integrable functions is not
complete
(iv) Prove that every d,(x) is a measurable function

[2]- Suppose f(x)=1 if xe€ A and zero otherwise. Prove that f'is

measurable if and only if A is in the o —algebra
(i1) Suppose X is the real line with the Borel- ¢ —algebra and f(x) = x.

Then f is measurable

n
(iii) Suppose S(x) = Zaiin (x) simple function for real a; and
i=1
measurable sets E;.
Define Lebesuge integral of S. If f 2 0 is a measurable function such

that 0< S <f. Find L [fdm.

State any formalism of “axiom of choice”

(1) Find the choice function for the set of negative integers

(i1) How many distincit choice functions are for a set of three elements.
(iii) Let x be a set and {E, } a sequence of sets such that E, < X for any n.
Prove that

X\LimE, =Lim(X\E,)
n

(iv) Give an example of a sequence of sets E, for which LimE, #LimE




