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Answer the following questions
Q1: ( 20 marks)
(a) Define the following
Stochastic process-Markov chain- Stationary Markov chain (9 marks)
(b) Let {N, (), >0} and {N,(#), > 0} be two Poisson processes having
respectively rates 4, ,4, and let N(¢) = N, (t) + N, (¢),, then show that
{N(0),t > 0}is a Poisson process with mean (4, +4,)¢. (6 marks)
(¢)If{N(t), t= 0} isaPoisson process and § <t , then for any k find

P lN(S) =k /N (t) = n: (5 marks)

Q2: (20 marks)
Let {X,,n=0,12,..}is a Markov chain with state space S =1{0,,2}has a

0.1 02 0.7
transition probability matrix P=|0.8 0.1 0.1| and starting vector
0.1 0.8 0.1

a, =(0.2,0.5,0.3). Find
(i) P(x, =2) (ii) P(X, =0,X, =1,X, =2)(iii) P(X; =2X, =])
Q3: (20 marks)

Consider a Markov chain with state space S = {0,1,2} and transition

probability matrix P = . Find the stationary distribution for it if

Ov [ o |14 b | 1
G| R | s ] s
[ e e

exists.

0Q4: (20 marks)
(a) Consider a Poisson process {N(t),t >0} with rate 1, and let 7, denote
the elapsed time between the (n-1) _th and then_th event. Find the
probability distribution of 7. (10 marks)

(b) Suppose that people immigrate into a territory at a Poisson rate 1 =2
per day
(i)  What is the expected time until the eleventh immigrant arrives?
(i) What is the probability that elapsed time between ninth and tenth
arrival exceeds 3 days? (10 marks)
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Answer the following questions

Question 1-a: Mark true or false and correct the false ones

w oo

i
D

bt i et
Sl o= 0 1o

16.
17
18.

Anv Inperplane divides R™ into two open hialf spaces.
A 1 1

. /
A hyperplance is a closed and convex set.

Any continuous [unction on a compact set attains its minimum on the set.

The intersection of an infinite number of closed half spaces is called a polytope.
IfA={x,%} then Hy(A) ={x:x=ax; + (1 —a)x,, 0<a <1}

A simplex in p-dimension has n + 1 vertices. .

A matrix is called positive-semi definite if z84z > 0 for all z # 0.

The linear fanction z = 2xq + 4x, attains its extreme values at the vertices.

A feasible solution is a solution on which at least one of the constraints is violated.

. The set of all feasible solutions forms a strictly convex set.
. The simplex method solves any sort of linear programming problems.

A basic solution is a solution for the system of equations Axg = b.
Any basic solution is basic feasible solution.
Any feasible solution can be reduced to a basic feasible solution.

A convex combination of a [inite number of different optimum solutions is also an optimum

solution.
The simplex approach was developed in the late summer of 1947,
For only L.P.P., Min z = —Max {z}.

The dual of dual is primal. 15 marks]

b:- The strategic bomber conmmand receives instruction to interrupt the enemy tank production.
The enemy has four key plants located in separate citics, and destruction of any one plant will
effectively halt the productions of tanks. There is an acute shortage of fuel, which Limits the
supply to 45000 litres for this particular mission. Any bomber sent to any particular city must
have at least enough [uel lor the round trip plus 100 litres. The nuniber of bombers available to
the commander and their descriptions are as follows:

Information about the location of the plants and
bomber and a heavy bomber is given below.

Bomber type | Deseription | Ilm/litre | Number available
A Heavy ‘ 40
B Mediom 2 30

Probability of destruction
plant | Distance from base (km) by

A heavy bomber  medium bomber
400 0.10 0.08

: 450 0.20 0.16

3 500 0.15 0.12

+ 600 0.25 0.20

their probability of being attacked by a medium

Formulate it as a L.P.P. to see how many of each type of bombers should be dispatched, and how
should they be allocated among the four targets in order to maximize the probability of success?

Pleaso see overleaf

[5 marks]




Question 2-a: Prove that a function f: 0 — R defined on a convex set O € R" is convex if and
only il for all x,y € @, A € [0,1] then f(ax + (1 — a)y) < af (x) + (1 — a)f (¥). Interpret the

geometric meaning of convex funection.

bi- Sclve graphically the following L.P.P.:

Xq +XZ < 3,x1,x2 > .

e~ State and prove the reduction of feasibility theorem.

[7 marks]

Max z = xq + x, subject to —2x; +x; < 1,x; <2 and

[5 marks]

[8 marks]

Question 3-a: Usce the big M-method to solve: Max z = 3x; + 2x, subject to 2x; + x, < 2,

3xy +4x, 212, x1,x, 2 0.
bi- Use the simplex method to solve:

Max
Subject to

z = 2%y + 3%,
—x1+2x; <4
X1+ 3%, <9

X, +x, <6

X4, %, Unrestricted

[10 marks]

[10 marksl

Question 4; Given the objeciive function: f(x) = 6x1 + 7x; + 3x3 + 5x4 and the inequality

constraints,

5x; + 6x, —3x5 +4x, = 12,

Xy + 5x3 — 6x4 = 10,

2x1+5x2 +X3+X428,

Xl,xZ,X3,X4 2 0

[find the optimum basis feasible solution that gives a minimum value for the objective function

by using the dual simplex method.

[20 marks]

Best wishes and good luck...
Dr Sameh Askar
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Answer the following five questions:

1-  Give two distinct equivalent definitions of lattices. (5 points)
And then give an example of each of: (each item 3 points)
a- A partially ordered set (poset) but not a lattice,
b- The smallest non- modular lattice,
¢- A modular lattice but not distributive,
d- A distributive lattice having more than 4 elements,
e- An < - homomorphism between two lattices but not v- homomorphism.

2- a- Let (L, A) be a meet semilattice as an algebra. (10 points)
Find a semilattice (L, <) as a poset.
Give an example of a A-semilattice but not v-semilattice.
b- Give all v-semilattices with 4-clement set. (5 points)
¢c- Give an example of a modular lattice, but not distributive (5 points)

with 7 elements.

3- For a commutative group G= (G ; * ).
a- Show that the set of all subgroups SM(G) (6 points)
containing a subgroup N of G forms a lattice.
b- Find the set of subgroups S;27(2) of the group (6 points).
of integers (Z, +).
c- Give the Hass Diagram of the lattice. S7,2(2). (8 points)

Is the lattice S;22(2) distributive? . Wﬁy?

4- a- Leta, x, y be any three elements in a lattice L=(L ;v , A ). (10 points)
Prove that:
Lismodular @ “anx=any&av x=avy&x<y=>x=y"

b- Give two equivalent definitions of a v-ideal of a lattice (4 points)
L=(L;v ,A).
¢ - Define a congruence relation 6 on a lattice L= (L ; v , A ). (6 points)

And show that each congruence class [a]0 is a convex sublattice.

| = - -

""" B N
Examiner : Dr. Magdi H. Armanious Full Mark: 80 points
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Answer the following questions (20 marks each)

Q.

(i)  Solve the system

2x1 — Xy + x3 = —1,

3x; +3x, +9x3 = 0,

3x; + 3x, + 5x3 = 4,

using the LU-decomposition.

(ii)  Find the linear least-squares polynomial to approximate the following
data

X 2 4 6 8

Vi 2 11 28 40

(iii) Show that the boundary value problem
., 2, 2 sin(In(x))
y' = ——y +;C3y+——~——-————x2 , 1sx<2,
y(1) =1, y(2) =2,
has a unique solution in D = { (x,y,y")]|1<x <2, —co<y< oo,
—o0 <y’ <o},
Then explain how to use the linear shooting method to approximate
y(1.1) [take h = 0.1]

Q.

(i)  Define the spectral radius p(4) of matrix A.
(ii)  Apply Gauss-Siedel method to find the second approximation of the
solution of the system
10x; — x5 + 2x3 = 6,
—%; + 11x, — x5 + 3x4 = 25,
2%1 — X3 + 10x3 — x4, = —11,
3x, — x3 + 8x4 = 15,
take x® = (0,0,0,0)%.



(iii) Prove that the sequence .
x® = Txk1 4, k>1
is convergent to the unique solution of x = Tx + ¢ iff p(T) <1
(iv) Derive the SOR procedure to accelerate the convergence of Gauss-
Siedel method.

Qs.

(i)  Derive the Legender polynomials {P,} of degree 2 in [—1,1] using
Gram-Schmidt process. Then find the least-squares polynomial of
degree 2 in [—1,1] for the function f(x) = e™.

(i)  Let T,,(x) denote the Chebyshev polynomial:

- showthat Tp.q(x) = 2xT,(x) — Tp_1(x), n=1.
- Show that {T;,} are orthogonal in [—1,1] with respect to w(x) =
1
Vi-x2°

(iii) Find the trigonometric least-square polynomial of degree two for

f(x) = xon [—m, m].

Best wishes Prof. E. M. Elabbasy



