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Answer the following questions:

o]

1. a. Prove that J Sinxdx=g (10 marks)
X
0
thtJ'
b. Prove tha e \/_:(ja]d) (10 marks)

2. a. Define pole of order m at z=z¢. If f(z) has a pole of order m at
z=1zq. Prove that

1 d(m-b
Res[f,zy]= lim
2z (m=1)! gz(m-D

[(z-20)"f(2)] (10 marks)

Z+C0Sz

b. Find Laurent expansion for f(z) = about z=0. (5 marks)

Z

c. If w=1(z) is analytic function. Then prove that Zgu ¥) = f'(2) .

b

(5 marks)
3. a. Find the bilinear transformation that transforms z=0,1,-2 to
w =,1,i, respectively. (10 marks)

b. Prove under w=- straight lines and circles are mapped onto
z

straight lines or circles. (5 marks)
c. Find the image of x+2y-1=0 and x-2y+1=0 under w =l.
74

(5 marks)

4. a. Prove that f(z)=cosz not bounded. Find the image of :3—ns X Sg
and y =0 under w =cosz (8 marks)
1

b. Describe a Riemann surface for w =23 . (8 marks)

c. Define analytic continuation of w =f(z). (4 marks)
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Answer the following questions

First : Objective questions : (20 marks)
Among the following statements mark the true and false ones with () and (x) respectively. Justify
your answer for ONLY TWO of them :

(i) In a metric space, a set A # @ is closed if and only if Ais closed. .ooceeiiiiuineeeeeeieeenann, O
(ii) For any sequences (OLn),(Bn)ef2 we have

00 0 }é 0 }é
a]an[}n|s ( Zl‘aanJ : ( > ’Bnizj

" R R R A A ()

n=1
(iii) .The sequence ( (-1)" ) belongs to the space 2, rurereeses Snafiedll fiss remmemess s s b ()
(iv) Any subspace of a Banach space is also a Banach space. .........ccooviiiiiiiiiiiiiiiiininnnnnn. 0

W If A ={xy,X,,X3 ,)(,4,)(5,)(6}g€OO , it follows that the linear hull H(A) is separable. ....()

(vi) For any normed spaces E,F over K, the space L(E,F) is a Banach space. .........ccc.cceevuena()

(vii) Any set U # @ can be converted to a metric SPAce. .....ccceeviiiiiiiuiiiiiieenriiieeinreenieenenn )

(viii) Any two linearly homeomorphic normed spaces are linearly isometric. .........coceeeeeeeea()

(ix) Every linear operator T : R — Ris continuous on R. ......cccooviviiiniiiiiiniinnnnnininnnnn()

(x) The space s linearly homeomorphic to the space G ()
Second : Subjective questions (20 marks each)

[1] a. Define : a metric space — the space £ . [4 marks]

Show that , for p > 1, and for all (a,), (Bs) € £P , the sequence (a,+f,) belongs to /P, and

1 1 1
(Elan+ﬁn|p)4s (§|an|p)/p+ (§|Bn|p)4 [10 marks]

n=1 n=1 n=1

b. Let X be a non-empty set. A mapping L: X x X — R satisfies the following conditions :
(i) L(x,y)=0 ifandonlyif x=y, and (ii) L(x,z) <L(y,x) + L(y,2) V x)y,z € X.

Prove that L is a metric on X. : [6 marks]
[2] a.Define : a separable space. . [2 marks]
Show that,for p > 1, the space /P is separable . [8 marks]

b. Let E,F be normed spaces over K, E # {0}, and let T :E—F be a linear mapping of E onto
F. Prove that T is one-to-one and T is bounded if and only if there is a constant m > 0

such that ”Tx” 2> m forall x € Ewith Hx”= 1. [10 marks]

[3]a. IfT: R? 5 R? is defined by T(a,B,y)=(o—7,20t+7v,3B); show that T is a bounded

linear operator on R®, and then find ”T” ‘ [9 marks]

b. Show that if E is a finite-dimensional normed space, then E is a Banach space, and every
linear transformation T : E — G is bounded. ( G; being any normed space)  [11 marks]

¢ Best Wishes »
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Mathematics Department o N 4™ Final Exam.
Date : 11-6-2013 g{ Mathematics group
Full Mark : 80 — Partial Differential
== equations
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Answer the following questions , each question 20 marks

[1]a) Show that the Dirichlet problem V?u=0 in R, u]s =f has a unique

solution, where R is a region in the xy-plane , S is the boundary of R

8%y 1 8%u :
b) Find D' Alembert's solution of the wave equation =53 subject
0x“~ ¢“ 0t

to the Cauchy initial conditions u(x,0)=f(x) and (%‘ti] =g(x) and show
t=0
that the problem is well — posed.

0 5%y __1_82u .
ox% % oat?
which satisfies the boundary conditions u(a, t)}=u(2a,t)=0 is

is a const.

[2] Show that the solution of the equation x

1/2
u(x,t) = sin{% ln(iﬂ(ij (Acosot + Bsinot).
a/\a
Where o = 02(?»2 +1/4), A=nm/fn2 , n is a positive integer.
[3] Find the solution of the heat conduction equation V2u= %% in R,

where R is a circular region of radius a subject to the boundary conditions
u(a,t)=0, t>0 and u(r,0)=1f(r) ,0<r<a

[4]a) Show that the solution of Laplace's equation V2u=0 in the region
x>0, 0<y<a satisfying u(x,0)=f(x) and u(x,a) =0 where f(x) is a given
function , and a is a constant is

0| o0
uey) =~ || R e@cosne - xdg o,
T sinha
0[—o0
b) By using Laplace's transform method, solve the equation
2% + x—gﬂ =X , (x>0,t>0) where u=u(x,t), given the boundary
0 ¢

conditions u(x,0)=0 for x>0 and u(0,t)=0 for t> 0.
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Mansoura University
Faculty of Science Second term
Mathematics Department e May 2013
4™ Jevel students (Mathematics / Statistics and computer Science programme)
Subject: Math 426 (Modelling and Simulations)

Final exam

Date: 08 /06/2013 Time allowed: Two hours
Answer the following questions: Total marks: 80
Question one:

A) Write down and find the equilibria for each of the following difference equation
models: the Beverton-Holt model, the Ricker model, and the Nicholson-Bailey
model. (10 marks)

B) Construct a mathematical model to describe the competition between two
species. Explain your model, find the steady states and discuss their stability.

(10 marks)
Question two:
A) Write down a discrete-time model for measles with vaccination. (5 marks)

B) Construct an SIS model for an infection spreading in a closed population with
varying size. Explain your model, find the steady states and discuss their

stability. (15 marks)

Question three: .
A) Write down both the von Bertalanffy and Gompertz models for the tumour

growth. (5 marks)

B) Prove that in a large spherical tumour there is a shell of proliferating cells,
whose thickness depends on the excess nutrient concentration above a threshold

(cz — ¢;), how fast the nutrient is consumed k and how fast it diffuses D, but not

on the size of the tumour itself. (15 marks)
Question four: (20 marks)

Construct an SIRS model for an infection spreading in a closed population with
constant size and study the possibility to vaccinate the susceptible individuals with rate
y. Find the critical age above which susceptible individuals should be vaccinated to

protect the population from the infection.

Best regards,
The examiner
Dr. Muntaser Safan
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Answer the Following Questions:

1) a- State, with proof, the continuity equation.
2
b- Show that y=Usin8(r _RT) represents the stream function a 2-dimensional flow of an

incompressible irrotational flow and find the corresponding velocity potential.

2) a- Deduce the Bernoulli's theorem for unsteady irrotational flow under a conservative force field.
b- The radius of a sphere immersed in an infinite ocean of liquid varies according to the relationr =

A+acosnt; A, a, n constants. If the velocity potential has the form q)=£@ , find f(t) and the
maximum pressure attained on the sphere assuming that A <5a
3) Two sources each of strength m are placed at the points (-a, 0) ;':md (a, 0) and a sink of strength 2m is

placed at the origin, show that the streaming lines are the curves (x*—y*)’—a*(x*~ y*+2Axy)=0
where A is a parameter.

4) Use the method of separation of variables to find the velocity potential of a system of a sphere of

radius a and uniform stream U. Find the equation of the stream lines and the pressure at any point on
the sphere. ‘
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Answer the following e questions: Mark

1- a- Find the number of edges | E(G) | of the graph G

(10 points each item 2 points)

of each of:

(i) G 1soriented digraph with # vertices and maximal number of arcs.

(i) Regular graph G' of order 1 with 2 n vertices .

(ii1) A complete rooted 2-tree with 7 vertices,

(iv) G is a tree with 2n vertices ,

(v) G'is a simple graph having maximum number of edges, 2» vertices and no triangles.

b- Give an example of each of : (10 points each item 2 points)

(i) A cubic graph with 6 vertices.

(ii) Two non-isomorphic digraphs with 3 vertices and 3 arcs.

(iii) A graph with » vertices and its diameter = » -1, for each +ve integer ».

(vi). A graph with (girth) g(G) = n = ¢(G) (circumference ) for each +ve integer n .
(v) Two distinct trees with 4 vertices.

2 :a Prove that a graph G is regular of order 2 <> each component of G is a cycle. (8 points)
b - Prove that In any graph the number of vertices of odd degrees is even. (6 points)
[s there a complete rooted 2-tree with even number of vertices? why? (6 points)
3. a- If G is a plane graph with k components , z vertices , (10 points)
m edges and r regions, prove that n - m+ r = 1+ k.
b- Show that the complete graph Ks is nonplanar and (10 points)
then prove that K, is a nonplanar graph for eachn > 5.
Also, show that the complete graph K, is a nonbipartite graph for each n > 3.
4 — a. Let G be a simple graph with n vertices and k components, (10 points)
show thatn -k < | E(G) | < ("5**"). And then give an example
of a simple graph with 10 vertices and 2 components having :
(i) minimal number of | £(G)| , and (ii) maximal number of | E(G) |
b - Let T; and T, be two trees with the same number of vertices 7. (10 points)
Prove or disprove that
(i) Both T, and T, have the same number of edges.
(ii) Give two non-isomorphic trees T} and T, both have 5 vertices.
(iii) If ¢ is an edge and v is a vertex in T , then T} —e and T — v are trees.?
Good luck Total (80 points)
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