SUBJECT: Measure Theory DATE: 26 / 12 /2013

FULL MARK: 80 ;

(MATH 311)
ALLOWED TIME: 2Hours
Level-3 Faculty of Science
Mathematics Department
Answer the following questions
Question-1 . (20 marks)

1. Define the Algebra Q of subsets of a set X.  prove that, if Q
is an algebra and 4 € Q, then. 4° € ), and any ring Q with

this property is an algebra
2. Define the outer measure on an algebra . And prove that If
#(A)=0, then 1’ (AL B) =y (B)

Question-2 (20 marks)

1. Define the measurable set. And prove that if E is

measurable set then the complement £° is also measurable
2. Prove that, the cantor set is measurable and find its

measure

Question-3 © (20 marks)

1. Define the measurable function. And prove that every
continuous function is measurable
2. Prove that if f, and f, are measurable on [a,b] then so are

2

{(#.  f.f, and Min{f,, 1, }

Question-4 (20 marks)
1- Show that the function
#x) 1, x is anirrational number in|—4,4|
X) = A
— 2, x is arational number in|—4,4]

a) Is not Riemann integrable in [-4,4]
b) Is Lebesgue integrable in [-4,4] and find the value of
Lebesgue integral of f(x) in [-4,4]

2- Prove that if f(x)=c then [ f(x)dx = cu(E)
E
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Answer the following TEQues’tions:
Question (1)
(1) Derive Newton-Raphson method, and use it to find an approximation to
{25 correct to within1072. (10 Marks)

(2) Define Lipschitz condition. Show that the following initial-value problem has
a unique solution. Use Runge-Kutta method of order four to approximate it.
y'=y—t?+1, 0<t<1 y(0)= 05 withh =02 (10 Marks)

Question (2)
(1) State and prove under what condition(s) the function g(x) has a unique fixed
point in[a, b]. (10 Marks)
(2) Show that the sequence defined by "
1 1
e WP for n> 1, (10 Marks)
2 X, 1 ‘

converges to /2 whenever X, > J2

Question (3)

(1) State and derive Newton Forward-Difference Formula. (5 Marks)
(2) By using the following data : (15 Marks)
54 1 1.05 1.1 115 1.2

f(x) 0.1924 | 0.2414 | 0.2933 | 0.3492 | 0.3943

Find an approximate value for ;
(i) £(1.01),£(1.09),f(1.18), (i) £'(1.1), using 3 and 5-point formula

b

1.2
(i !f(x)dx, n=3,4,

Best Wishes; Dr. Tamer Mohamed El-Azab
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~Answer the following questions:

[1]-a) Define : Simple open contour, analytic function at z;, simply

connected domain.
b) If £(z)=u(x,y) +iv(x,

(4 Marks)
¥),z0 =Xg +1yg,wqg =ug +ivy. Then prove

that lim f(z)=wy if ana only if lim u(x,y)=ug and
22 (x,y)=>(x0,Y0)
lim v(X,¥)=Vvp. (10 Marks)
(6y)=>(x0,Y0)
¢) Prove that cos*0= écos 46 + %cos 20 + % (6 Marks)

[2]-a) State and prove the necessary C. R. E's for w = f(z) to be

differentiable at z; .

b) Prove that f(z) = —e**

(12 Marks)

sin2y +ie?X cos2y is an entire function.
(8 Marks)

[3]-a) Show that u(x,y) = cos x cosh y is harmonic function and find its

harmonic conjugate

v(X, y) so that f =u+iv is analytic.

(7 Marks)
b) State without proof Laurent's theorem. (6 Marks)
¢) If w = f(z) is analytic and f'(z) is continuous. Then prove that
J f(z)dz=0. (7 Marks)
C

[4]-a) Let f(z) be analytic on and in the interior of a simple closed
contour C, zye Int (C). Then prove that

1 ¢f
f(zg)=— 2) d (7 Marks)
2mi Yz -1z
C
b) Find j =z 2dz, C,ilz-4=2. (6 Marks)
1) (z—
A
z—1
¢) Define pole of order m. Expand the function f(z)= E—T about z=1 and
Z —
dissus the singnlarity of this function. (7 Marks)
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Math. Dept. S 3" year (Stat. & Comp. Sci. )

Subject : Probability Theory

Answer the following questions: (Total Mark 80)

(I)a-If X, and X, are independent exponential random variables with respective
parameters A and Ao . -
Find (i) the distribution of Z = X,/ X, .
(i) P(X, <X,). (12 M.)
b- If X is arandom variable with finit mean p and variance o, then for any value k>0,

2
prove that P {lx - u[ 2 k}s %. (8M.)

(2) a- If X, and X, are independent random variables having Poisson distribution with
parameters A; and A,. Find the probability distribution of the random variable
Y=X +X, ' . (10 M)
b- Suppose the joint density of X and Y is given by

-xly -y

f(x,y)ze 0<x<w,0<y<w
(10 M) P(X > QY = y).. i) E(X]Y = y)Find i)
(3) a- For any two random variables X and Y , show that '
Var(X+Y)=Var(X)+Var(Y)+2Cov(X,Y). (5M.)

b-If X is a binomial random variable with parameters n& p.
Find i- ¢ (t), the characteristic function.
ii- Var (X). iii- o3, the skewness. (15 M.)

(4) a- If X is a random variable having the moment (GF) M, (t) and Wy, is the n-th

n

moment, provethat u = M, ()], . (7M.)

dt”
b- For any random variable X, prove that :

E(X)=Q].P{X>x} dx —?P{X<-}c} dx . (7M.)

c- A proup of n men throw their hats into the center of a room. The hats are mixed up and
each man randomly selects one. Find the expected number of men that select their own
hats (called matches). : (6 M)

Best wishes. -
Prof. Beih El-Desouky
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Time: 2 hours

23/1/2014

Answer the following questions:

1- (i) Prove that 4 is a closed setiff 4'c 4.

(ii) Show that the denseness is a topological property.

2- (i) Prove that the topological space (.X,7) is 7, - space iff

{x} is a closed set for every xe X.

(ii) Let (X,C) be the co-finite topological space and p < X . Show that

N,cC, where N, is the neighborhood system of the point p.

(3)- (i) Prove that the mapping f:(X,7)— (¥,5) is continuous iff

fB < f(B),VBCY.

(ii) Let (X,7) be a T7,- space and Y c X. Prove that (¥,z,) is 7,- space,

also.

(4) Let N be the set of natural numbers and r be the family

{$,E,:ne N}, where E ={nn+1L,n+2,n+3,.},neN.

Show that the family 7 is a topology on ~. Also, find: the closure,

the interior, the boundary, and the derived of the sets 4={246,..}

and B={59,13}.




